Abstract. The existence of rapidly decreasing smooth solutions of moment problems for functions of several variables with values in a Fréchet space is obtained. It is shown that the corresponding results for functions with values in a general topological vector space do not hold.
Introduction
The problem of moments is an important mathematical problem which has attracted the attention of mathematicians for over a century. The moments have been shown to be of importance in several areas of the classical analysis [1] , [14] , while recent developments have shown that they also play a prominent role in areas of current interest such as the asymptotic expansion of generalized functions [4] , [5] , [7] , [8] , the theory of orthogonal polynomials [10] , [12] and the theory of distributional solutions of differential equations [11] , [16] .
The aim of the present article is to study the vector moment problem for functions of several variables
where {a k } k∈N n is a net of elements of a topological vector space E and where f : R n → E is a rapidly decreasing smooth function. Notice the standard notation
. . , x n ) and k = (k 1 , . . . , k n ). We show that when E is a Fréchet space, then (1.1) has rapidly decreasing smooth solutions for arbitrary nets {a k }. Actually, if V is an open cone in R n , then (1.1) has solutions with support in V. In the very important particular case when E is R or C we obtain that if {µ k } is an arbitrary net of real or complex numbers, then the moment problem
has solutions φ ∈ S(R n ) with supp φ ⊆ V.
RICARDO ESTRADA
This work generalizes the results of A. J. Durán [2] , who showed that in the one-variable scalar case the moment problem
has solutions φ ∈ S(R) with supp φ ⊆ [0, ∞) for each arbitrary sequence {µ k }. The methods employed here are based on those of [3] . We also consider the case when E is not a Fréchet space and give a counterexample showing that the existence of solutions for arbitrary nets does not hold for general topological vector spaces.
The plan of the article is as follows. In the second section we study the onevariable vector moment problem
where {a k } is a sequence of elements of a Fréchet space E. In the next section we show that (1.2) might not have any solution if E = D(R), the standard space of test functions. In the fourth section we consider the case of vector functions of several variables. The use of tensor product considerations [9] , [15] allow us to use an inductive argument.
One variable vector problems
Let E be a Fréchet space.
. be a sequence of seminorms of E that generate its topology. Let {a k } be an arbitrary sequence of elements of E. We wish to study the problem of finding a rapidly decreasing smooth function f : R → E such that
Notice that asking f to be a rapidly decreasing smooth function means that f ∈ S(R, E) ∼ = S(R) ⊗ E. In general [15] , f belongs to S(R n , E) if and only
for each m ∈ N n and q, k ∈ N. We shall also have use for the space S((0, ∞), E) ∼ = S(0, ∞) ⊗ E consisting of the elements of S(R, E) with support in [0, ∞).
Let us start by recalling the result of A. J. Durán [2] .
Theorem 2.1. Let {µ k } be an arbitrary sequence of real or complex numbers. Then there exists φ ∈ S(0, ∞) such that
Using this result, we can find functions φ k ∈ S(0, ∞) such that
where δ k,n = 0, k = n, δ n,n = 1, is the Kronecker delta. One is tempted to try to solve (2.1) by setting f (x) = ∞ k=0 φ k (x)a k . However, this series could be divergent and even if convergent the sum might not belong to S((0, ∞), E). But, as we show, a suitable modification of the series will do the job.
Observe that if φ k (x) is a solution of (2.2), then λ k+1 φ k (λx) is also a solution for any λ > 0. Lemma 2.2. Let {a k } be an arbitrary sequence of elements of the Fréchet space E.
Then there exists a bounded, continuous and rapidly decreasing at infinity function
Proof.
. be a sequence of seminorms that generate the topology of E. Set Q n = a n n . Let φ k ∈ S(0, ∞) be a solution of (2.2). Then there exist constants K n,r such that
We may suppose K n,0 ≤ K n,1 ≤ K n,2 ≤ . . . . If 0 < λ < 1 and r ≤ n, then
Choose the sequence {λ n } with 0 < λ n < 1 such that
Q n K n,n λ n < ∞, and define
The convergence of (2.3) for x > 0 as well as the continuity, boundedness and rapid decay at infinity of F(x) follow from this inequality. 
belongs to S((0, ∞), E).
Proof. If F and φ are regarded as functions on R, with support in [0, ∞), then their convolution φ * F reduces to (2.4) if x > 0, vanishes if x < 0 and is smooth in R since φ is smooth. It remains to show that (φ * F) (k) = φ (k) * F is of rapid decay at infinity for each k ∈ N. Let q, r ∈ N, r ≥ 1. Then there are constants
It follows that if x > 0,
as required.
Theorem 2.4. Let {a k } be an arbitrary sequence of the Fréchet space E. Then there exists f ∈ S((0, ∞), E) such that
Proof. Let φ ∈ S(0, ∞) be any function with c 0 = ∞ 0 φ(x) dx = 0. Define
the normalized moments of φ, and define the sequence {b k } of E by the recursion relation
Using Lemma 2.2, we can find F : (0, ∞) → E bounded, continuous and of rapid decay at infinity such that
Let f = φ * F. Then f ∈ S((0, ∞), E) by Lemma 2.3, while its moments can be computed as
A counterexample
In this section we show that Theorem 2.4 does not hold, in general, if E is not a Fréchet space.
Let us take E = D(R) = { φ ∈ C ∞ (R) : supp φ is compact }, the space of standard test functions [13] . A net {φ σ } of D(R) converges to φ ∈ D(R) if there is a fixed compact K ⊆ R and an index σ 0 such that supp φ σ ⊆ K for σ ≥ σ 0 and {φ
is a function, we write its values as φ(x, t) = φ x (t), x ∈ X, t ∈ R. Proof. If not, we can find a sequence {x n } of X such that supp φ xn ∩(R\[−n, n]) = ∅. By taking a subsequence, if necessary, we may assume {x n } convergent. Then φ xn is convergent in D(R) and thus there exists N > 0 such that supp φ xn ⊆ [−N, N ] for each n in N: a contradiction.
Let now φ(x, t) = φ x (t) be a kernel of S(R, D(R)). Then φ x vanishes as |x| → ∞ and then φ can be continuously extended to the one point compactification R∪{∞} by setting φ ∞ = 0. By the lemma, there is a fixed compact K such that supp φ x ⊆ K for each x in R. Consequently all the moments
are also supported on K. Therefore, we have the following result. 
